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Abstract:  The purpose of this paper is to introduce and study the concepts of intuitionistic fuzzy ideal almost 

𝜋 generalized semi open mappings and intuitionistic fuzzy ideal almost 𝜋 generalized semi closed mappings in 

intuitionistic fuzzy ideal space and we investigate some of its properties. Also we provide the relations between 

intuitionistic fuzzy ideal almost 𝜋 generalized semi closed mappings and other intuitionistic fuzzy ideal closed 

mappings . 
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Chapter One/Methodological framework 

First: Research problem: 

The concept of fuzzy set was firstly introduced by L.Zadeh in 1965[ 19 ] as extension of 

the  Classical notion of set. After three years C.L.Chang in 1968 [ 3 ] , axiomatized a 

collection 𝜏  Of fuzzy subset of non-empty set X .Atanassov introduced the notion of 

intuitionistic fuzzy sets 1986 .T.R,Hamlentt[ 6 ] investigated further properties of ideal 

topological space and proved some results about them .The notion of intuitionistic fuzzy 

ideal which is consideredas a generalization of fuzzy ideals introduced and studied by 

A.A.Salman and S.A.Alblowi in 2012 [7  ] 

And in 1997 D.Coker [4 ] gave the basic definition of intuitionistic fuzzy topological spaces 

.Continuing the work done in the [ 13], [14 ], [15 ], [15], [16], [17] ,we define the notion 

of Intuitionistic fuzzy almost 𝜋 generalized semi closed mappings and intuitionistic fuzzy 

almost 𝜋generalized semi open mappings .We discuss characterization of intuitionistic 
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fuzzy ideal almost 𝜋 generalized semi closed mappings  and open mappings .We also 

established their properties and relationship with other classes of early defined forms of 

intuitionistic fuzzy ideal closed 

 mappings . 

 

 Preliminaries 

Definition 2.1[1]  Let X be a non-empty set .An intuitionistic fuzzy set (IFS in short) A is a subset 

Of X characterized by membership function 𝜇𝐴: 𝑋 → [0,1] and a non- membership function 

𝑣𝐴: 𝑋 → [0,1] , that they associate with each point 𝑥 ∈ 𝑋 it is membership grade 𝜇𝐴(𝑥) and its 

N0n-membership grade 𝑣𝐴(𝑥) such that 0 ≤ 𝜇𝐴(𝑥) +𝑣𝐴(𝑥) ≤ 1, that is 

𝐴 = {< 𝑥, 𝜇𝐴(𝑥) , 𝑣𝐴(𝑥), 𝑥 ∈ 𝑋  }. 

Definition 2.2 [1] Let A and B be IFSs of from 𝐴 = {< 𝑥, 𝜇𝐴(𝑥) , 𝑣𝐴(𝑥) >, 𝑥 ∈ 𝑋  } and 

𝐵 = {< 𝑥, 𝜇𝐵(𝑥) , 𝑣𝐵(𝑥) >, 𝑥 ∈ 𝑋  } then 

1)𝐴 ⊆ 𝐵 𝐼𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥) 𝑎𝑛𝑑  , 𝑣𝐴(𝑥) ≥  𝑣𝐵(𝑥)𝑓𝑜𝑟𝑎𝑙𝑙 𝑥 ∈ 𝑋. 

2)𝐴 = 𝐵 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐴 ⊆ 𝐵 𝑎𝑛𝑑 𝐵 ⊆ 𝐴. 

3)𝐴𝑐 = {< 𝑥, 𝑣𝐴(𝑋), 𝜇𝐴(𝑋) >\𝑥 ∈ 𝑋}. 

4) 𝐴 ∩ 𝐵 = {< 𝑥, 𝜇𝐴(𝑥) ∩  𝜇𝐴(𝑥), 𝑣𝐴(𝑥) ∩  𝑣𝐵(𝑥) >∕ 𝑥 ∈ 𝑋}. 

5) ) 𝐴 ∪ 𝐵 = {< 𝑥, 𝜇𝐴(𝑥) ∪  𝜇𝐴(𝑥), 𝑣𝐴(𝑥) ∪  𝑣𝐵(𝑥) >∕ 𝑥 ∈ 𝑋}. 

Definition 2.3[3] An intuitionistic fuzzy topology(IFT in short) on X is a family 𝜏 of IFSs in X 

Satisfying the following axioms : 

1)0∼, 1∼ ∈ 𝜏. 

2)𝑀1 ∩ 𝑀2 ∈ 𝜏𝑓𝑜𝑟 𝑎𝑛𝑦 𝑀1, 𝑀2 ∈ 𝜏. 

3) ∪ 𝑀𝑖 ∈ 𝜏𝑓𝑜𝑟 𝑎𝑛𝑦 𝑓𝑎𝑚𝑖𝑙𝑦 {𝑀𝑖 𝑖⁄ ∈ 𝐽}. 

 

𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 (𝑥, 𝜏)𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑡𝑜𝑝𝑜𝑝𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒(𝐼𝐹𝑇𝑆 𝑖𝑛 𝑠ℎ𝑜𝑟𝑡). 

Definition2.4[3]Let(𝑋, 𝜏)𝑏𝑒 𝑎𝑛 𝐼𝐹𝑇𝑆 𝑎𝑛𝑑 𝐴 =< 𝑥, 𝜇𝐴, 𝑣𝐴 > 𝑏𝑒 𝑎𝑛 𝐼𝐹𝑆 𝑖𝑛 𝑋 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 

𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑎𝑛𝑑 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑎𝑟𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 

𝑖𝑛𝑡(𝐴) =∪ {𝐺 𝐺⁄ 𝑖𝑠 𝑎𝑛 𝐼𝐹𝑂𝑆 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝐺 ⊆ 𝐴}, 

𝑐𝑙(𝐴) =∩ {𝐾 𝐾⁄ 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐶𝑆 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝐴 ⊆ 𝐾}. 

Definition2.5[10] A subset of A of a space (𝑋, 𝜏) is called : 

1) reguler open if A = int(cl(A)). 

2) π open if A is the union of reguler open sets . 
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Defuiniton2.6[10] An 𝐼𝐹𝑆 𝐴 =< 𝑥, 𝜇𝐴, 𝑣𝐴 > 𝑖𝑛 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑋, 𝜏)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑖 𝑏𝑒 𝑎𝑛 

1) 𝑖𝑛𝑡𝑢𝑖𝑡𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑚𝑖 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 (𝐼𝐹𝑆𝑂𝑆 𝑖𝑛 𝑠ℎ𝑜𝑟𝑡)𝑖𝑓 𝐴 ⊆ 𝑐𝑙(𝑖𝑛𝑡 (𝐴)), 

2) 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝛼 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 (𝑖𝑓𝛼𝑂𝑆 𝑖𝑛 𝑠ℎ𝑜𝑟𝑡)𝑖𝑓 𝐴 ⊆ 𝑖𝑛𝑡(𝑐𝑙(𝑖𝑛𝑡(𝐴)), 

3) 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑟𝑒𝑔𝑢𝑙𝑒𝑟 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 (𝐼𝐹𝑅𝑂𝑆 𝑖𝑛 𝑠ℎ𝑜𝑟𝑡 )𝑖𝑓 𝐴 = 𝑖𝑛𝑡(𝑐𝑙(𝐴)), 

4)𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑝𝑟𝑒 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 (𝐼𝐹𝑃𝑂𝑆𝑜𝑛 𝑠ℎ𝑜𝑟𝑡 )𝑖𝑓 𝐴 ⊆ 𝑖𝑛𝑡(𝑐𝑙(𝐴)), 

5)𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑚𝑖 − 𝑝𝑟𝑒 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡(𝐼𝐹𝑆𝑃𝑂𝑆)𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝐵

∈ 𝐼𝐹𝑃𝑂(𝑋)𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

𝐵 ⊆ 𝐴 ⊆ 𝐶𝑙(𝐵). 

Definition 2.7[10] An IFS A =< 𝑥, 𝜇𝐴, 𝑣𝐴 > 𝑖𝑛 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑋, 𝜏)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑖 𝑏𝑒 𝑎𝑛 

1) 𝑖𝑛𝑡𝑢𝑖𝑡𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑚𝑖 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡 (𝐼𝐹𝑆𝑐𝑆 𝑖𝑛 𝑠ℎ𝑜𝑟𝑡)𝑖𝑓 𝑖𝑛𝑡(𝑐𝑙 (𝐴)) ⊆ 𝐴, 

2) 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝛼 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡 (𝑖𝑓𝛼𝑐𝑆 𝑖𝑛 𝑠ℎ𝑜𝑟𝑡)𝑖𝑓 𝑖𝑛𝑡(𝑐𝑙(𝑖𝑛𝑡(𝐴)) ⊆ 𝐴, 

3) 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑟𝑒𝑔𝑢𝑙𝑒𝑟 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡 (𝐼𝐹𝑅𝑐𝑆 𝑖𝑛 𝑠ℎ𝑜𝑟𝑡 )𝑖𝑓 𝐴 = 𝑐𝑙(𝑖𝑛𝑡(𝐴)), 

4)𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑝𝑟𝑒 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 (𝐼𝐹𝑃𝑂𝑆𝑜𝑛 𝑠ℎ𝑜𝑟𝑡 )𝑖𝑓 𝑐𝑙(𝑖𝑛𝑡(𝐴)) ⊆ 𝐴, 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟖[𝟏𝟎] An ifs A in an IFTS(X, τ)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝜋 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 

𝑠𝑒𝑚𝑖 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡 (𝐼𝐹𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑠ℎ𝑜𝑟𝑡 )𝑖𝑓 𝑠𝑐𝑙 (𝐴) ⊆ 𝑈 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝐴

⊆ 𝑈 𝑎𝑛𝑑 𝑈 𝑖𝑠 𝑎𝑛 𝐼𝐹𝜋𝑂𝑆 𝑖𝑛 

(𝑋, 𝜏). 𝐴𝑛 𝐼𝐹𝑆 𝐴 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝜋 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑠𝑒𝑚𝑖 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 (𝐼𝐹𝜋𝐺𝑆𝑂𝑆 

𝑖𝑛 𝑠ℎ𝑜𝑟𝑡) 𝑖𝑛 𝑋 𝑖𝑓 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝐴𝑐  𝑖𝑠 𝑎𝑛 𝐼𝐹𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑋 . 

 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏𝟏[ 7 ] 𝐿𝑒𝑡 𝑓 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑋, 𝑇) 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑌, 𝜎). 𝑇ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑠𝑎𝑖𝑑 

𝑡𝑜 𝑏𝑒 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 (𝐼𝐹𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 )𝑖𝑓 𝑓−1(𝐵)

∈ 𝐼𝐹𝑂(𝑋)𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐵 ∈ 𝜎 . 

𝐷𝑒𝑓𝑖𝑛𝑡𝑖𝑜𝑛 2.12 [ 12 ]𝐿𝑒𝑡 𝑓 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑋, 𝜏)𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑌, 𝜎). 𝑇ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 

𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 (𝐼𝐹𝐺  𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 )𝑖𝑓 𝑓−1(𝐵)𝜖𝐼𝐹𝐺𝐶𝑆(𝑋) 𝑓𝑜𝑟 

𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐶𝑆 𝐵 𝑖𝑛 𝑌  . 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐 . 𝟏𝟑 [ 14 ]𝐿𝑒𝑡𝑓 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐿𝐹𝑇𝑆 (𝑋, 𝜏) 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝑇𝑆(𝑌, 𝜎). 𝑇ℎ𝑒𝑛 𝑓 𝑖𝑠 

𝑠𝑎𝑖𝑑 𝑡𝑜𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑎𝑙𝑚𝑜𝑠𝑡 𝜋 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑠𝑒𝑚𝑖 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠 

(
𝐼𝐹𝐴 𝜋𝐺𝐴 

𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠
) 𝑖𝑓 𝑓−1(𝐵) 𝜖 𝐼𝐹𝐺𝐶𝑆(𝑋)𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦  𝐼𝐹𝐹𝐶𝑆 𝐵𝑖𝑛 𝑌. 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟏𝟒 [15] 𝐿𝑒𝑡 𝑓 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐼𝐹𝑇𝑆(𝑋, 𝜏)𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑌, 𝜎). 𝑇ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑠𝑎𝑖𝑑 

𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦  𝛼 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑐𝑜𝑛𝑡𝑢𝑖𝑢𝑜𝑢𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠(𝐼𝐹𝛼𝐺 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑖𝑓 𝑓−1(𝐵) 
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𝜖𝐼𝐹𝑇𝛼𝐺𝐶𝑆(𝑋) 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝑅𝐶𝑆 𝐵 𝑖𝑛 𝑌 . 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟏𝟓 [15] 𝐿𝑒𝑡 𝑓 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐼𝐹𝑇𝑆(𝑋, 𝜏)𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑌, 𝜎). 𝑇ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑠𝑎𝑖𝑑 

𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦  𝛼 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑠𝑒𝑚𝑖 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠(𝐼𝐹𝐺𝑆𝐶𝑀) 𝑖𝑓 𝑓−1(𝐵) 

𝜖 𝐼𝐹𝐺𝐶𝑆(𝑋) 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝑅𝐶𝑆 𝐵 𝑖𝑛 𝑌 . 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟏𝟔  𝐿𝑒𝑡 𝑓 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐼𝐹𝑇𝑆(𝑋, 𝜏)𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑌, 𝜎). 𝑇ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑠𝑎𝑖𝑑 

𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑎𝑙𝑚𝑜𝑠𝑡 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠(𝐼𝐹𝐴𝐶𝑀) 𝑖𝑓 𝑓−1(𝐵) 𝜖 𝐼𝐹𝐶(𝑌) 𝑓𝑜𝑟 

𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝑅𝐶𝑆 𝐵 𝑖𝑛 𝑋 . 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟏𝟕  𝐿𝑒𝑡 𝑓 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐼𝐹𝑇𝑆(𝑋, 𝜏)𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑌, 𝜎). 𝑇ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑠𝑎𝑖𝑑 

𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑎𝑙𝑚𝑜𝑠𝑡 𝛼 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠(𝐼𝐹𝐴𝛼𝐺𝐶𝑀) 

𝑖𝑓 𝑓−1(𝐵) 𝜖𝐼𝐹𝛼𝐺𝐶(𝑌) 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝑅𝐶𝑆 𝐵 𝑖𝑛 𝑌 . 

𝐷𝑒𝑓𝑖𝑛𝑡𝑖𝑜𝑛 2.18 [5] 𝑇ℎ𝑒 𝐼𝐹𝑆 𝑐(𝛼, 𝛽)

= 〈𝑥, 𝑐𝛼 , 𝑐1−𝛽〉 𝑤ℎ𝑒𝑟𝑒 𝛼𝜖 (0,1], 𝛽  𝜖[0,1)𝑎𝑛𝑑 𝛼 + 𝛽 ≤ 1 𝑖𝑠 

𝑐𝑎𝑙𝑙𝑒𝑑  𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑝𝑜𝑖𝑛𝑡 (𝐼𝐹𝑃)𝑖𝑛 𝑋. 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑎𝑛 𝐼𝐹𝑃𝑐(𝛼, 𝛽) 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜  𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 𝑎𝑛 𝐼𝐹𝑆 𝐴

= 〈𝑥, 𝜇𝐴, 𝑣𝐴〉 𝑜𝑓 𝑋 𝑑𝑒𝑛𝑜𝑡𝑒𝑑  𝑏𝑦 𝑐(𝛼, 𝛽) 

𝜖𝐴 𝑖𝑓 𝛼 ≤ 𝜇𝐴 𝑎𝑛𝑑 𝛽 ≥ 𝑣𝐴 . 

 

 

 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟏𝟖 [𝟓]  𝐿𝑒𝑡 𝑐(𝛼, 𝛽)𝑏𝑒 𝑎𝑛 𝐼𝐹𝑃 𝑜𝑓 𝑎𝑛 𝐼𝐹𝑇𝑆 (𝑋, 𝜏). 𝐴𝑛  𝐼𝐹𝑆 𝐴 𝑜𝑓 𝑋 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑛 

𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 (𝐼𝐹𝑁)𝑜𝑓𝑐(𝛼, 𝛽) 𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝐼𝐹𝑂𝑆 𝐵 𝑖𝑛 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

𝑐(𝛼, 𝛽) ∈ 𝐵 ⊆ 𝐴  . 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟏𝟗 [𝟕] 𝑨𝒏 𝑰𝑭𝑺 𝑨 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑑𝑒𝑛𝑠𝑒 (𝐼𝐹𝑆 𝑓𝑜𝑟 𝑠ℎ𝑜𝑟𝑡 ) 

𝑖𝑛 𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝐼𝐹𝑆 𝐵 𝑖𝑛 𝑎𝑛 𝐼𝐹𝑇𝑆(𝑋, 𝜏), 𝑖𝑓 𝑐𝑙(𝐴) = 𝐵 . 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟐𝟎 [𝟏𝟏] 𝐴𝑛 𝐼𝐹𝑇𝑆 (𝑋, 𝜏)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝜋𝑇1\2 (𝐼𝐹𝜋𝑇1\2 𝑖𝑛 

𝑠ℎ𝑜𝑟𝑡) 𝑠𝑝𝑎𝑐𝑒 𝑖𝑓 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝜋𝐺𝑆𝐶𝑆  𝑖𝑛 𝑋 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐶𝑆 𝐼𝑁 𝑋 . 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟐. 𝟐𝟏 [𝟏𝟏] 𝐴𝑛 𝐼𝐹𝑇𝑆 (𝑋, 𝜏)𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝜋𝑇1\2 (𝐼𝐹𝜋𝑔𝑇1\2 𝑖𝑛 

𝑠ℎ𝑜𝑟𝑡) 𝑠𝑝𝑎𝑐𝑒 𝑖𝑓 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑋 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐺𝐶𝑆 𝑖𝑛𝑋  . 

𝑹𝒆𝒔𝒖𝒍𝒕 𝟐. 𝟐𝟐. [𝟗]   (1)𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝜋𝑂𝑆 𝑖𝑠 𝑎𝑛 𝐼𝐹𝑂𝑆 𝑖𝑛 (𝑋, 𝜏). 

(2)𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝜋𝐶𝑆 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐶𝑆 𝑖𝑛 ( 𝑋, 𝜏). 

𝑫𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟐𝟑 [𝟏𝟐] 𝐴 𝑛𝑜𝑛 𝑒𝑚𝑝𝑡𝑦 𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 𝐼 𝑜𝑓 𝑠𝑒𝑡 𝑋 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 
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1) 𝑖𝑓 𝐴 ∈ 𝐼 𝑎𝑛𝑑 𝐵 ≤ 𝐴, 𝑡ℎ𝑒𝑛 𝐵 ∈ 𝐼 (ℎ𝑒𝑟𝑒𝑑𝑖𝑡𝑦), 

2) 𝑖𝑓 𝐴 ∈ 𝐼 𝑎𝑛𝑑 𝐵 ∈ 𝐼 𝑡ℎ𝑒𝑛 𝐴 ∨ 𝐵

∈ 𝐼( 𝑓𝑖𝑛𝑖𝑡𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑖𝑡𝑦)𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙 𝑜𝑛 𝑋. 

𝑇ℎ𝑒 𝑡𝑟𝑖𝑝𝑙𝑒𝑥 (𝑋, 𝜏, 𝐼) 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑠𝑝𝑎𝑐𝑒 𝑤𝑖𝑡ℎ 𝑎 𝑓𝑢𝑧𝑧 𝑖𝑑𝑒𝑎𝑙 𝐼 𝑎𝑛𝑑 𝑓𝑢𝑧𝑧𝑦 

𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑦 𝜏 . 

𝟑 − 𝑰𝒏𝒕𝒖𝒐𝒕𝒐𝒏𝒐𝒔𝒕𝒊𝒄 𝑭𝒖𝒛𝒛𝒚 𝑰𝒅𝒆𝒂𝒍 𝒂𝒍𝒎𝒐𝒔𝒕 𝝅 𝑮𝒆𝒏𝒆𝒓𝒂𝒍𝒊𝒛𝒆𝒅 𝑺𝒆𝒎𝒊 𝑶𝒑𝒆𝒏 𝑴𝒂𝒑𝒑𝒊𝒏𝒈𝒔 𝒊𝒏 

𝑮𝒓𝒂𝒅𝒂𝒕𝒊𝒐𝒏 𝑻𝒐𝒑𝒐𝒍𝒐𝒈𝒊𝒄𝒂𝒍𝒔 𝑺𝒑𝒂𝒄𝒆 . 

𝐼𝑛 𝑡ℎ𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑤𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑠𝑒 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙 𝑎𝑙𝑚𝑜𝑠𝑡 𝜋𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑠𝑒𝑚𝑖 𝑜𝑝𝑒𝑛 

𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠 , 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙 𝑎𝑙𝑚𝑜𝑠𝑡 𝜋𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑠𝑒𝑚𝑖 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠 𝑎𝑛𝑑 

𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑠𝑜𝑚𝑒 𝑜𝑓 𝑖𝑡𝑠 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 . 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟑. 𝟏 𝐴 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝐹: 𝑋

→ 𝑌 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙 𝑎𝑙𝑚𝑜𝑠𝑡 𝜋 

𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑠𝑒𝑚𝑖𝑜𝑝𝑒𝑛 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠 (𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝑂𝑀 𝑓𝑜𝑟 𝑠ℎ𝑜𝑟𝑡 )𝑖𝑓 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌 𝑓𝑜𝑟 

𝑒𝑎𝑐ℎ 𝐼𝐹𝐼𝑅𝑂𝑆 𝐴 𝑖𝑛 𝑋 . 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟑. 𝟐  𝐴 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼)𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑛 𝑖𝑛𝑡𝑢𝑖𝑡𝑖𝑜𝑛𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙 

𝑎𝑙𝑚𝑜𝑠𝑡 𝜋𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑠𝑒𝑚𝑖 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠 (𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 𝑓𝑜𝑟 𝑠ℎ𝑜𝑟𝑡 )𝑖𝑓 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 

( 𝑌, 𝜎, 𝐼)𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝐼𝐹𝐼𝑅𝐶𝑆 𝐵 𝑖𝑛( 𝑋, 𝜏, 𝐼) . 

𝑫𝒆𝒇𝒊𝒏𝒕𝒊𝒐𝒏 𝟑. 𝟑 𝐿𝑒𝑡 𝑋 = {𝑎, 𝑏}, 𝑌 = {𝑢, 𝑣}𝑎𝑛𝑑 𝐺1 =< 𝑥, (0. 2𝑎, 0, 2𝑏), (0. 6𝑎, 0. 7𝑏)

>, 𝐺2 =<  𝑦, 

(0. 4𝑢, 0, 2𝑣), (0. 6𝑢 , 0. 7𝑣) >. 𝑇ℎ𝑒𝑛 , 𝜏 = {0~, 𝐺1, 1~} 𝑎𝑛𝑑 𝜎

= {0~, 𝐺2, 1~} 𝑎𝑟𝑒 𝐼𝐹𝐼𝑇𝑠 𝑜𝑛 𝑋 𝑎𝑛𝑑 𝑌 

𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 . 𝐷𝑒𝑓𝑖𝑛𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: (𝑋, 𝜏, 𝐼) → (𝑌, 𝜎, 𝐼) 𝑏𝑦 𝑓(𝑎) = 𝑢 𝑎𝑛𝑑 𝑓(𝑏)

= 𝑣 . 𝑇ℎ𝑒𝑛 𝑓𝑖𝑠 

𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 . 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟒 (1)𝐸𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐶𝑀 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝐴𝐶𝑀 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 . 

(2)𝐸𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝛼𝐺𝐶𝑀 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 . 

(3)𝐸𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐶𝑀 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 . 

(4)𝐸𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐴𝛼𝐺𝐶𝑀 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 . 

𝒑𝒓𝒐𝒐𝒇: (𝟏)𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑀. 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝐹𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒 

𝑠𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑋. 𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑀, 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑌 . 𝐸𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐶𝑆 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 

𝐻𝑒𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 . 
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𝒑𝒓𝒐𝒐𝒇: (𝟐) 𝐿𝑒𝑡 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝛼𝐺𝐶𝑀. 𝐿𝑒𝑡 𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴 𝑖𝑠 

𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛𝑋 . 𝑇ℎ𝑒𝑛 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠  𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝛼𝐺𝐶𝑆 𝑖𝑛 𝑌 . 𝑆𝑖𝑛𝑐𝑒 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝛼𝐺𝐶𝑆 𝑖𝑠 𝑎𝑛 

𝑎𝑛𝑑 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐺𝑆𝐶𝑆 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆, 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝐻𝑒𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 . 

𝒑𝒓𝒐𝒐𝒇: (𝟑) 𝐿𝑒𝑡 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝐶𝑀. 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝐼𝐹𝐼𝐴𝐶𝑀 

𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑌 . 𝑆𝑖𝑛𝑐𝑒 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐶𝑆  𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆, 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝐻𝑒𝑛𝑐𝑒 

𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 . 

𝒑𝒓𝒐𝒐𝒇: (𝟒) 𝐿𝑒𝑡 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝛼𝐺𝐶𝑀. 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋 . 𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 

𝐼𝐹𝐼𝐴𝐶𝑀, 𝑇ℎ𝑒𝑛 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠  𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝛼𝐺𝐶𝑆 𝑖𝑛 𝑌 . 𝑆𝑖𝑛𝑐𝑒 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐺𝐶𝑆 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐺𝑆𝐶𝑆 

𝑎𝑛𝑑 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐺𝑆𝐶𝑆 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝐶𝑆 , 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝐻𝑒𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀. 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆(𝟏) 𝐿𝑒𝑡 𝑋 = {𝑎, 𝑏}, 𝑌 = {𝑢, 𝑣}  𝑎𝑛𝑑 𝐺1 = {𝑥, (0.4𝑎 , 0.2𝑏), (0.5𝑎, 0.4𝑏)}, 𝐺2

= 

{𝑦, (0.3𝑢, 0.2𝑣), (0.6𝑢 , 0.7𝑣)} . 𝑇ℎ𝑒𝑛 𝜏 = {0~, 𝐺1, 1~} 𝑎𝑛𝑑 𝜎

= {0~, 𝐺2, 1~}  𝑎𝑟𝑒 𝐼𝐹𝐼𝑇𝑠 𝑜𝑛 𝑋 𝑎𝑛𝑑 

𝑌. 𝐷𝑒𝑓𝑖𝑛𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: (𝑋, 𝜏, 𝐼) → (𝑌, 𝜎, 𝐼) 𝑏𝑦 𝑓(𝑎) = 𝑢 𝑎𝑛𝑑 𝑓(𝑏)

= 𝑣. 𝑇ℎ𝑒𝑛 , 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 

𝐶𝑀 . 𝐵𝑢𝑡 𝑓 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝐼𝐹𝐼𝐶𝑀 𝑠𝑖𝑛𝑐𝑒 𝐺1
𝒸 

= {𝑥, (0, 0.5𝑎 , 0.4𝑏), (0.4𝑎 , 0.2𝑏)}, 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑋 𝑏𝑢𝑡 𝑓 

(𝐺1
𝒸 ){𝑦, (0, 0.5𝑢, 0.4𝑣), (0.4𝑢, 0.2𝑣)} 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑌 . 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆(𝟐) 𝐿𝑒𝑡 𝑋 = {𝑎, 𝑏}, 𝑌 = {𝑢, 𝑣}  𝑎𝑛𝑑 𝐺1 = {𝑥, (0.3𝑎 , 0.4𝑏), (0.4𝑎, 0.5𝑏)}, 𝐺2

= 

{𝑦, (, 0.7𝑢, 0.6𝑣), (0.3𝑢 , 0.4𝑣)} . 𝑇ℎ𝑒𝑛 𝜏 = {0~, 𝐺1, 1~} 𝑎𝑛𝑑 𝜎

= {0~, 𝐺2, 1~}  𝑎𝑟𝑒 𝐼𝐹𝐼𝑇𝑠 𝑜𝑛 𝑋 𝑎𝑛𝑑 

𝑌. 𝐷𝑒𝑓𝑖𝑛𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: (𝑋, 𝜏, 𝐼) → (𝑌, 𝜎, 𝐼) 𝑏𝑦 𝑓(𝑎) = 𝑢 𝑎𝑛𝑑 𝑓(𝑏)

= 𝑣. 𝑇ℎ𝑒𝑛 , 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 

𝐶𝑀 . 𝐵𝑢𝑡 𝑓 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝐼𝐹𝐼𝛼𝐺𝐶𝑀 𝑠𝑖𝑛𝑐𝑒 𝐺1
𝒸 

= {𝑥, (0.4𝑎 , 0.5𝑏), (0.3𝑎 , 0.4𝑏)}, 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑋 𝑏𝑢𝑡 𝑓 

(𝐺1
𝒸 ) = {𝑦, (0.4𝑢, 0.2𝑣), (0.3𝑢 , 0.4𝑣)} 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝐼𝐹𝐼𝛼𝐺𝐶𝑆 𝑖𝑛 𝑌 . 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆(𝟑) 𝐼𝑛 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 (1), 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 𝑏𝑢𝑡  𝑓 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝐼𝐹𝐼𝐴𝛼𝐺𝐶𝑀 𝑠𝑖𝑛𝑐𝑒  𝐺1
𝒸 = 

{𝑥, (0.4𝑎, 0.5𝑏), (0.3𝑎, 0.4𝑏)}, 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋  𝑏𝑢𝑡 𝑓(𝐺1
𝒸 )

= {𝑦, (0.5𝑢 , 0.4𝑣), (0.4𝑢, 0.2𝑣)} 𝑖𝑠 𝑛𝑜𝑡 

𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑌 . 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆(𝟒) 𝐼𝑛 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 (2), 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 . 𝐵𝑢𝑡 𝑓 𝑛𝑜𝑡 𝑎𝑛 𝐼𝐹𝐼𝐴𝛿𝐺𝐶𝑀  𝑠𝑖𝑛𝑐𝑒 𝐺1
𝒸 = 
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{𝑥, (0.4𝑎, 0.5𝑏), (0.3𝑎, 0.4𝑏)} 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑌 𝑏𝑢𝑡 𝑓(𝐺1
𝒸 )

= {𝑦, (0.4𝑢 , 0.2𝑣), (0.3𝑢, 0.4𝑣)} 𝑖𝑠 𝑛𝑜𝑡 

𝑎𝑛 𝐼𝐹𝐼𝛼𝐺𝐶𝑆 𝑖𝑛 𝑌 . 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟓 𝐴 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: 𝑋

→ 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 

𝑡ℎ𝑒 𝑖𝑚𝑔𝑒 𝑜𝑓 𝑒𝑎𝑐ℎ 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌. 

𝑷𝒓𝒐𝒐𝒇 𝑵𝒆𝒄𝒆𝒔𝒔𝒊𝒕𝒚: 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑥. 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴𝒸 𝑖𝑠 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋 . 𝑆𝑖𝑛𝑐𝑒 𝑓𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 , 𝑓( 𝐴𝒸) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝑆𝑖𝑛𝑐𝑠 𝑓( 𝐴𝒸)

= (𝑓(𝐴))𝒸 , 𝑓(𝐴)𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌. 

𝑆𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦

∶ 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝐹𝐶𝑆  𝑖𝑛 𝑋 . 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴𝒸 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋 . 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 

, 𝑓( 𝐴𝒸) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆  𝑖𝑛 𝑌 . 𝑆𝑖𝑛𝑐𝑒𝑓( 𝐴𝒸)

=  (𝑓(𝐴))𝒸 , 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝐻𝑒𝑛𝑐𝑒 𝑓𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 

𝑻𝒉𝒆𝒑𝒓𝒆𝒎 𝟑. 𝟔  𝐿𝑒𝑡 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼) 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 𝑇ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴 

𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑖𝑓 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑇1\2 𝑠𝑝𝑎𝑐𝑒 . 

𝑷𝒓𝒐𝒐𝒇 ∶ 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋 . 𝑇ℎ𝑒𝑛 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 , 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠. 𝑆𝑖𝑛𝑐𝑒 𝑌 𝑖𝑠 

𝑎𝑛 𝐼𝐹𝐼𝑇1\2 𝑠𝑝𝑎𝑐𝑒, 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑌 . 𝐻𝑒𝑛𝑐𝑠 𝑓𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 

𝑻𝒉𝒆𝒑𝒓𝒆𝒎 𝟑. 𝟕  𝐿𝑒𝑡 𝑓: 𝑋

→ 𝑌 𝑏𝑒 𝑎 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡. 

1)𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝑂𝑀 

2)𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀. 

𝑝𝑟𝑜𝑜𝑓 ∶ 𝑆𝑡𝑟𝑎𝑖𝑔ℎ𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑 . 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟖 𝐿𝑒𝑡 ∶ 𝑋

→ 𝑌 𝑏𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔  𝑤ℎ𝑒𝑟𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2 𝑠𝑝𝑎𝑐𝑒 . 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 

𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡: 

(1)𝑓𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 

(2)𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝑐𝑙(𝐴))𝑓𝑜𝑟𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑆𝑃𝑂𝑆 𝐴 𝑖𝑛 𝑋 

(3)𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝑐𝑙(𝐴))𝑓𝑜𝑟𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑆𝑂𝑆 𝐴𝑖𝑛 𝑋  . 

𝑝𝑟𝑜𝑜𝑓(1)

⇒ (2)𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑆𝑃𝑂𝑆 𝑖𝑛 𝑋 . 𝑇ℎ𝑒𝑛 𝑐𝑙 (𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋 . 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 , 

𝑓(𝑐𝑙(𝐴))𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝑆𝑖𝑛𝑐𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2 𝑠𝑝𝑎𝑐𝑒 . 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑠𝑐𝑙(𝑓(𝐴)) = 
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𝑓(𝑐𝑙(𝐴)). 𝑁𝑜𝑤 𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 𝑠𝑐𝑙 (𝑓(𝑐𝑙(𝐴))) = 𝑓(𝑐𝑙(𝐴)). 𝑇ℎ𝑢𝑠 𝑠𝑐𝑙(𝑓(𝐴))

⊆ 𝑓(𝑐𝑙(𝐴)). 

(2) ⇒ (3)𝑆𝑖𝑛𝑐𝑒𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑆𝑂𝑆 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝑃𝑂𝑆, 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓 𝑑𝑖𝑟𝑒𝑐𝑡𝑙𝑦 𝑓𝑜𝑙𝑙𝑜𝑤𝑠. 

(3) ⇒ (1)𝐿𝑒𝑡𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝐴

= 𝑐𝑙(𝑖𝑛𝑡(𝐴)). 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝑂𝑆 𝑖𝑛 𝑋 . 𝐵𝑦 

ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝑐𝑙(𝐴)) = 𝑓(𝐴)

⊆ 𝑠𝑐𝑙(𝑓(𝐴)). 𝐻𝑒𝑛𝑐𝑒 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝐶𝑆 𝑎𝑛𝑑 

ℎ𝑒𝑛𝑐𝑒 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀. 

 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟗 𝐿𝑒𝑡 ∶ 𝑋

→ 𝑌 𝑏𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔  𝑤ℎ𝑒𝑟𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2 𝑠𝑝𝑎𝑐𝑒 . 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 

𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡: 

(1)𝑓𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 

(2)𝑓(𝐴) ⊆ 𝑠𝑖𝑛𝑡 ⊆ (𝑓 (𝑖𝑛𝑡(𝑐𝑙(𝐴)))) 𝑓𝑜𝑟𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑃𝑂𝑆 𝐴 𝑖𝑛 𝑋 . 

𝑝𝑟𝑜𝑜𝑓 (1) ⇒ (2)𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑃𝑂𝑆 𝑖𝑛 𝑋 . 𝑇ℎ𝑒𝑛 𝐴 

⊆ 𝑖𝑛𝑡(𝑐𝑙 (𝐴)). 𝑆𝑖𝑛𝑐𝑒 𝑖𝑛𝑡(𝑐𝑙(𝐴))𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋 , 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑓(𝑖𝑛𝑡(𝑐𝑙(𝐴))𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌 . 𝑆𝑖𝑛𝑐𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2𝑠𝑝𝑎𝑐𝑒, 

𝑓 (𝑖𝑛𝑡(𝑐𝑙 (𝐴))) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝑂𝑆 𝑖𝑛 𝑌 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑓(𝐴) ⊆ 𝑓 (𝑖𝑛𝑡(𝑐𝑙(𝐴)))

⊆ 𝑠𝑖𝑛𝑡 (𝑓 (𝑖𝑛𝑡(𝑐𝑙(𝐴)))) 

(2)

⇒ (1)𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋 . 𝑇ℎ𝑒𝑛 𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑃𝑂𝑆 𝑖𝑛 𝑋 . 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 , 𝑓(𝐴)

⊆ 𝑠𝑖𝑛𝑡(𝑓 

(𝑐𝑙(𝐴)))) = 𝑠𝑖𝑛𝑡 (𝑓(𝐴))

⊆ 𝑓(𝐴). 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑓(𝐴) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝑂𝑆 𝑖𝑛 𝑌 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺 

𝑆𝑂𝑆  𝑖𝑛 𝑌 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀, 𝑏𝑦 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 3.6 . 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟎 𝐿𝑒𝑡 ∶ (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼)𝑏𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑋 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑌. 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑖𝑓 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2 𝑠𝑝𝑎𝑐𝑒. 

(1)𝑓𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 

(2)𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝑂𝑀 

(3)𝑓(𝑖𝑛𝑡(𝐴)) ⊆ 𝑖𝑛𝑡 (𝑐𝑙 (𝑖𝑛𝑡(𝑓(𝐴)))) 𝑓𝑜𝑟𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑅𝑂𝑆 𝐴 𝑖𝑛 𝑋 . 

𝑝𝑟𝑜𝑜𝑓(1) ⇒ (2)𝐼𝑡 𝑖𝑠 𝑜𝑏𝑣𝑖𝑜𝑢𝑠𝑙𝑦 𝑡𝑟𝑢𝑒. 

(2) ⇒ (3)𝐿𝑒𝑡𝐴 𝑏𝑒 𝑎𝑛𝑦 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋 . 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝑖𝑛𝑡(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆 
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𝑖𝑛 𝑋 . 𝑇ℎ𝑒𝑛 𝑓(𝑖𝑛𝑡(𝐴))𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌. 𝑆𝑖𝑛𝑐𝑒 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2𝑠𝑝𝑎𝑐𝑒, 𝑓(𝑖𝑛𝑡(𝐴))𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆 𝑖𝑛 

𝑌 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑓(𝑖𝑛𝑡(𝐴)) = 𝑖𝑛𝑡(𝑓(𝑖𝑛𝑡(𝐴)) ⊆ 𝑖𝑛𝑡 (𝑐𝑙 (𝑖𝑛𝑡(𝑓(𝐴)))) . (3)

⇒ (4)𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 

𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝑖𝑡𝑠𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝐴𝒸𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋. 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 𝑓(𝑖𝑛𝑡(𝐴𝒸)) ⊆ 𝑖𝑛𝑡(𝑐𝑙 

(𝑖𝑛𝑡(𝑓(𝐴𝒸))))). 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑓(𝐴𝒸)

⊆ 𝑖𝑛𝑡(𝑐𝑙(𝑖𝑛𝑡(𝑓(𝐴𝒸)))). 𝐻𝑒𝑛𝑐𝑒 𝑓(𝐴𝒸)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝛼𝑂𝑆 𝑖𝑛 𝑌. 

𝑆𝑖𝑛𝑐 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝛼𝑂𝑆 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆, 𝑓(𝐴𝒸)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 

𝑖𝑛 𝑌. 𝐻𝑒𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 . 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟏 𝐿𝑒𝑡 ∶ (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼)𝑏𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑋 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑌. 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑖𝑓 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2 𝑠𝑝𝑎𝑐𝑒. 

(1)𝑓𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 

(2)𝑠𝑐𝑙)𝑓(𝐴)) ⊆ 𝑓(𝑐𝑙(𝐴)) 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑆𝐶𝑆 𝑖𝑛 𝑋. 

𝑝𝑟𝑜𝑜𝑓(1) ⇒ (2)𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝐵𝑦 𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛, 𝑖𝑛𝑡(𝑐𝑙(𝐴)) ⊆ 𝐴. 

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑐𝑙(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 𝑓(𝑐𝑙(𝐴)) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 𝑎𝑛𝑑 

ℎ𝑒𝑛𝑐𝑒 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐶𝑆 𝑖𝑛 𝑌, 𝑠𝑖𝑛𝑐𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2𝑠𝑝𝑎𝑐𝑒. 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑠𝑐𝑙(𝑓(𝑐𝑙(𝐴))

= 𝑓(𝑐𝑙(𝐴)) 

= 𝑓(𝑐𝑙(𝐴)). 𝑁𝑜𝑤 𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 𝑠𝑐𝑙(𝑓(𝑐𝑙(𝐴))

= 𝑓(𝑐𝑙(𝐴)). 𝑆𝑖𝑛𝑐𝑒 𝑐𝑙(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆, 𝑖𝑛𝑡(𝑐𝑙 

(𝑐𝑙(𝐴))) = 𝑐𝑙(𝐴). 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑠𝑐𝑙 (𝑓(𝐴)) = 𝑓(𝑖𝑛𝑡 (𝑐𝑙(𝑐𝑙(𝐴))))

⊆ 𝑓(𝐴 ∪ 𝑖𝑛𝑡(𝑐𝑙(𝐴)))) = 𝑓(𝑠𝑐𝑙 

(𝐴). 𝐻𝑒𝑛𝑐𝑒 𝑠𝑐𝑙 (𝑓(𝐴)) ⊆ 𝑓(𝑠𝑐𝑙(𝐴)). (2) ⇒ (1)𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝐴

= 𝑐𝑙(𝑖𝑛𝑡(𝐴)). 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝐶𝑆 𝑖𝑛 𝑋 . 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝑠𝑐𝑙(𝐴))

⊆ 𝑓(𝑐𝑙(𝐴)) = 𝑓(𝐴) 

⊆ 𝑠𝑐𝑙(𝑓(𝐴)). 𝑇ℎ𝑎𝑡 𝑖𝑠 𝑠𝑐𝑙(𝑓(𝐴))

= 𝑓(𝐴). 𝐻𝑒𝑛𝑐𝑒𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐶𝑆  𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 

𝑌. 𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟐 𝐿𝑒𝑡 ∶ (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼)𝑏𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑋 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑌. 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑖𝑓 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2 𝑠𝑝𝑎𝑐𝑒. 

(1)𝑓𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 

(2)𝑓(𝐴) ⊆ 𝜋𝑖𝑛𝑡 (𝑓(𝑠𝑐𝑙(𝐴))) 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑃𝑂𝑆 𝐴 𝑖𝑛 𝑋. 
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𝑝𝑟𝑜𝑜𝑓: (1) ⇒ (2) 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑃𝑂𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝐴

⊆ 𝑖𝑛𝑡(𝑐𝑙(𝐴)). 𝑆𝑖𝑛𝑐𝑒 𝑖𝑛𝑡(𝑐𝑙(𝐴))𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 

𝑖𝑛 𝑋 . 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑓(𝑖𝑛𝑡(𝑐𝑙(𝐴))𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌. 𝑆𝑖𝑛𝑐𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1
2⁄  𝑠𝑝𝑎𝑐𝑒, 𝑓(𝑖𝑛𝑡(𝑐𝑙(𝐴)) 

𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑂𝑆 𝑖𝑛 𝑌. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑓(𝐴) ⊆ 𝑓 (𝑖𝑛𝑡(𝑐𝑙(𝐴))) ⊆ 𝜋 𝑖𝑛𝑡(𝑓(𝑖𝑛𝑡(𝑐𝑙(𝐴)))

⊆ 𝜋𝑖𝑛𝑡 

(𝑓 (𝐴 ∪ 𝑖𝑛𝑡(𝑐𝑙(𝐴))) = 𝜋𝑖𝑛𝑡(𝑓 (𝑠𝑐𝑙((𝐴))) . 𝑇ℎ𝑎𝑡 𝑖𝑠 𝑓(𝐴) ⊆  𝜋𝑖𝑛𝑡 (𝑓(𝑠𝑐𝑙(𝐴))) . (2)

⇒ (1) 𝐿𝑒𝑡 𝐴 

𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑃𝑂𝑆 𝑖𝑛 𝑋 . 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑓(𝐴)𝜋𝑖𝑛𝑡 (𝑓(𝑠𝑐𝑙(𝐴))) . 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 

𝑓(𝐴) ⊆ 𝜋𝑖𝑛𝑡 (𝑓 (𝐴 ∪ 𝑖𝑛𝑡(𝑐𝑙(𝐴)))) ⊆ 𝜋𝑖𝑛𝑡(𝑓(𝐴 ∪ 𝐴))𝜋𝑖𝑛𝑡(𝑓(𝐴))

⊆ 𝑓(𝐴). 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑓(𝐴)𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝜋𝑂𝑆 𝑖𝑛 𝑌 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑂𝑆 𝑖𝑛 𝑌. 𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟑 𝐿𝑒𝑡 ∶ (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼)𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑋 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑌. 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑖𝑓 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2 𝑠𝑝𝑎𝑐𝑒. 

(1)𝑓𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 

(2)𝐼𝑓 𝐵 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋 𝑡ℎ𝑒𝑛 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌 

(3)𝑓(𝐵) ⊆ 𝑖𝑛𝑡(𝑐𝑙(𝑓(𝐵))𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋 . 

𝑃𝑟𝑜𝑜𝑓 (1) ⇒ (2)𝑜𝑏𝑣𝑖𝑜𝑢𝑠𝑙𝑦. 

(2) ⇒ (3)𝐿𝑒𝑡 𝐵 𝑏𝑒 𝑎𝑛𝑦 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆  𝑖𝑛 𝑌. 𝑆𝑖𝑛𝑐𝑒 𝑋 𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝜋𝑇1 2⁄   𝑠𝑝𝑎𝑐𝑒, 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆 𝑖𝑛 𝑌 (𝑅𝑒𝑠𝑢𝑙𝑡 2.23 ). 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑓(𝐵)

= 𝑖𝑛𝑡(𝑓(𝐵)) ⊆ 𝑖𝑛𝑡 

(𝑐𝑙(𝑓(𝐵))) . (3)

⇒ (1)𝐿𝑒𝑡𝐵 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝑖𝑡𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝐵𝒸𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋. 

𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 𝑓( 𝐵𝒸)

⊆ 𝑖𝑛𝑡 (𝑐𝑙(𝑓(𝐵𝒸))) . 𝐻𝑒𝑛𝑐𝑒 𝑓(𝐵𝒸) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑂𝑆 𝑖𝑛 𝑌. 𝑆𝑖𝑛𝑐𝑒 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝜋𝑂𝑆 

𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆, 𝑓(𝐵𝒸)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆  𝑖𝑛 𝑌. 𝐻𝑒𝑛𝑐𝑒 𝑓 𝑖𝑠 

𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟑 𝐿𝑒𝑡 ∶ (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼)𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑋 𝑖𝑛𝑡𝑜 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 𝑌. 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑖𝑓 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1\2 𝑠𝑝𝑎𝑐𝑒. 

(1)𝑓𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 . 

(2)𝑖𝑛𝑡 (𝑐𝑙(𝑓(𝐴))) ⊆ 𝑓(𝐴)𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑅𝐶𝑆 𝐴 𝑖𝑛 𝑋 . 
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𝑃𝑟𝑜𝑜𝑓  (1)

⇒ (2)𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋 . 𝐵𝑌 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌. 𝑆𝑖𝑛𝑐𝑒 𝑌 

𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1 2⁄ , 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑌 (𝑅𝑒𝑠𝑢𝑙𝑡 2.23). 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑐𝑙(𝑓(𝐴))

= 𝑓(𝐴). 𝑁𝑜𝑤 𝑖𝑛𝑡 

(𝑐𝑙(𝑓𝐴))) ⊆ 𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝐴). (2)

⇒ (1) 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 𝑖𝑛𝑡(𝑐𝑙(𝑓(𝐴))) 

⊆ 𝑓(𝐴). 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐶𝑆 𝑖𝑛 𝑌 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 

𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟒 𝐿𝑒𝑡 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑦, 𝜎, 𝐼) 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝐴 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑎𝑛𝑑 𝑔: (𝑦, 𝜎, 𝐼) → 

(𝑍, 𝛿, 𝐼)𝑖𝑠𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔, 𝑡ℎ𝑒𝑛 𝑔𝜊𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑍, 𝛿, 𝐼)𝑖𝑠𝑎𝑛 𝐼𝐹𝐼𝐴 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 

. 𝑖𝑓 𝑍 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1 2⁄ 𝑠𝑝𝑎𝑐𝑒. 

𝑝𝑟𝑜𝑜𝑓 ∶ 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑌. 𝑆𝑖𝑛𝑐𝑒 𝑔 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑐𝑙𝑜𝑠𝑒𝑑 

𝑚𝑎𝑝𝑝𝑖𝑛𝑔 , 𝑔(𝑓(𝐴))𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑍. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑔(𝑓(𝐴)) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑍, 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠. 

𝐻𝑒𝑛𝑐𝑒 𝑔𝜊𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔. 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.15 𝐿𝑒𝑡 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑦, 𝜎, 𝐼) 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝐴 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑎𝑛𝑑 𝑔: (𝑦, 𝜎, 𝐼) → (𝑍, 𝜁, 𝐼) 

𝑖𝑠𝐼𝐹𝐼𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔, 𝑡ℎ𝑒𝑛 𝑔𝜊𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑍, 𝜁, 𝐼)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 

𝑝𝑟𝑜𝑜𝑓 ∶ 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐶𝑆 𝑖𝑛 𝑌. , 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠. 𝑆𝑖𝑛𝑐𝑒 𝑔 𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝜋𝐺𝑆𝑐𝑙𝑜𝑠𝑒𝑑𝑚𝑎𝑝𝑝𝑖𝑛𝑔 , 𝑔(𝑓(𝐴))𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑍. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑔(𝑓(𝐴)) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 

𝑖𝑛 𝑍. 𝐻𝑒𝑛𝑐𝑒 𝑔𝜊𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟔 𝐼𝑓 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑙𝑜𝑠𝑒𝑑 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑎𝑛𝑑 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑔𝑇1 2⁄  

𝑠𝑝𝑎𝑐𝑒, 𝑡ℎ𝑒𝑛 𝑓(𝐴) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐺𝐶𝑆  𝑖𝑛 𝑌  𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑅𝐶𝑆𝐴 𝑖𝑛 𝑋 . 

𝑃𝑟𝑜𝑜𝑓: 𝐿𝑒𝑡 𝑓: (𝑋, 𝜏, 𝐼)

→ (𝑌, 𝜎, 𝐼) 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑎𝑛𝑑 𝑙𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝑏𝑦 

ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 𝑓(𝐴) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌. 𝑆𝑖𝑛𝑐𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1 2⁄  𝑠𝑝𝑎𝑐𝑒, 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐺𝐶𝑆 𝑖𝑛 𝑌. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏𝟕 𝐿𝑒𝑡 𝑐(𝛼, 𝛽) 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑃 𝑖𝑛 𝑋. 𝐴 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: 𝑋

→ 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝛼𝜋𝐺𝑆𝑂𝑀 𝑖𝑓 𝑓𝑜𝑟 

𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑂𝑆 𝐴 𝑖𝑛 𝑋 𝑤𝑖𝑡ℎ 𝑓−1(𝑐(𝛼, 𝛽))

∈ 𝐴, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆 𝐵 𝑖𝑛 𝑌 𝑤𝑖𝑡ℎ 𝑐(𝛼, 𝛽) ∈ 𝐵 𝑠𝑢𝑐ℎ 

𝑓(𝐴)𝑖𝑠 𝐼𝐹𝐼𝐷 𝑖𝑛 𝐵 . 
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𝑃𝑟𝑜𝑜𝑜𝑓: 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋.  𝑇ℎ𝑒𝑛 𝐴 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆 𝑖𝑛 𝑋. 𝐿𝑒𝑡 𝑓−1(𝑐(𝛼, 𝛽))

∈ 𝐴, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 

𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆 𝐵 𝑖𝑛 𝑌 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑐(𝛼, 𝛽) ∈ 𝐵 𝑎𝑛𝑑 𝑐𝑙(𝑓(𝐴))

= 𝐵. 𝑆𝑖𝑛𝑐𝑒 𝐵 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆, 𝑐𝑙 (𝑓(𝐴)) 

= 𝐵 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎𝑛 𝐼𝐹𝐼𝑂𝑆 𝑖𝑛 𝑌 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑖𝑛𝑡 (𝑐𝑙(𝑓(𝐴)) = 𝑐𝑙(𝑓(𝐴)). 𝑁𝑜𝑤 𝑓(𝐴)

⊆ 𝑐𝑙(𝑓(𝐴)) = 𝑖𝑛𝑡 

(𝑐𝑙(𝑓(𝐴)))  ⊆ 𝑐𝑙(𝑖𝑛𝑡(𝑖𝑛𝑡(𝑐𝑙(𝑓(𝐴))))

= 𝑐𝑙 (𝑖𝑛𝑡 (𝑐𝑙(𝐹(𝐴)))) . 𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝑂𝑀. 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.18 𝐿𝑒𝑡 𝑓: 𝑋

→ 𝑌  𝑏𝑒 𝑎 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 . 

(1)𝑓 𝑖𝑠 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝑂𝑀 

(2) 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 

(3) 𝑓−1 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆  𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 

𝑝𝑟𝑜𝑜𝑓 (1) ⇔ (2)𝑖𝑠𝑜𝑏𝑣𝑖𝑜𝑢𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 3.7 . 

(2) ⇔ (3)𝐿𝑒𝑡 𝐴 

⊆ 𝑋 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆. 𝑇ℎ𝑒𝑛 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 , 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝑇ℎ𝑎𝑡  𝑖𝑠 

(𝑓−1)−1(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑓−1 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 . 

(3) → (2)𝐿𝑒𝑡𝐴 

⊆ 𝑋 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆. 𝑇ℎ𝑒𝑛 𝑏𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 (𝑓−1)−1(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌 . 

𝑇ℎ𝑎𝑡 𝑖𝑠 𝑓(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌. 𝐻𝑒𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀 . 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.19 𝐿𝑒𝑡 𝑓: 𝑋 → 𝑌 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔. 𝐼𝑓 𝑓(𝑠𝑖𝑛𝑡 (𝐵))

⊆ 𝑠𝑖𝑛𝑡(𝑓(𝐵))𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦  𝐼𝐹𝐼𝑆 𝐵 𝑖𝑛 𝑋, 

𝑡ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐼𝑀. 

𝑝𝑟𝑜𝑜𝑓 ∶ 𝐿𝑒𝑡 𝐵 ⊆ 𝑋 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 . 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑓(𝑠𝑖𝑛𝑡(𝐵))

⊆ 𝑠𝑖𝑛𝑡(𝑓(𝐵)). 𝑠𝑖𝑛𝑐𝑒 𝐵 𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝑅𝑂𝑆 , 𝑖𝑡 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝑃𝑂𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑠𝑖𝑛𝑡 (𝐵) = 𝐵. 𝐻𝑒𝑛𝑐𝑒 𝑓(𝐵)

= 𝑓(𝑠𝑖𝑛𝑡(𝐵)) ⊆ 𝑠𝑖𝑛𝑡 

(𝑓(𝐵)) ⊆ 𝑓(𝐵). 𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝑂𝑆 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌. 𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝑂𝑀. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟑. 𝟐𝟎 𝐿𝑒𝑡 𝑓: 𝑋 → 𝑌 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔. 𝐼𝑓 𝑠𝑐𝑙(𝑓(𝐵))

⊆ 𝑓(𝑠𝑐𝑙(𝐵))𝑓𝑜𝑟𝑒𝑣𝑒𝑟𝑦  𝐼𝐹𝐼𝑆 𝐵 𝑖𝑛 𝑋, 

𝑡ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀. 

𝑃𝑟𝑜𝑜𝑓: 𝐿𝑒𝑡 𝐵 ⊆ 𝑋 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆. 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑠𝑐𝑙(𝑓(𝐵))

⊆ 𝑓(𝑠𝑐𝑙(𝐵)). 𝑆𝑖𝑛𝑐𝑒 𝐵 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆, 
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𝑖𝑡 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝐶𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑠𝑐𝑙(𝐵) = 𝐵. 𝐻𝑒𝑛𝑐𝑒 𝑓(𝐵) = 𝑓(𝑠𝑐𝑙(𝐵))

⊇ 𝑠𝑐𝑙(𝑓(𝐵)) ⊇ 𝑓(𝐵). 

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝐶𝑆 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌. 𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟐𝟏𝐿𝑒𝑡 𝑓: 𝑋

→ 𝑌 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑤ℎ𝑒𝑟𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1 2⁄  𝑠𝑝𝑎𝑐𝑒. 𝐼𝑓 𝑓 𝑖𝑠 𝑎𝑛  𝐼𝐹𝐼𝐴𝜋𝐺  

𝑆𝐶𝑀, 𝑡ℎ𝑒𝑛 𝑓(𝑠𝑖𝑛𝑡(𝐵)) ⊆ 𝑐𝑙(𝑜𝑛𝑡 (𝑐𝑙(𝑓(𝐵))) 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑅𝑂𝑆 𝐵 𝑖𝑛 𝑋. 

𝑃𝑟𝑜𝑜𝑓: 𝑇ℎ𝑖𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑎𝑠𝑖𝑙𝑦 𝑝𝑟𝑜𝑣𝑒𝑑 𝑏𝑦 𝑡𝑎𝑘𝑖𝑛𝑔 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 3.19. 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.22 𝐿𝑒𝑡 𝑓: 𝑋

→ 𝑌 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝑂𝑀, 𝑤ℎ𝑒𝑟𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1 2 ⁄  𝑠𝑝𝑎𝑐𝑒. 𝑇ℎ𝑒𝑛 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 

𝐼𝐹𝐼𝑃 𝑐(𝛼, 𝛽)𝑖𝑛 𝑌 𝑎𝑛𝑑 𝑒𝑎𝑐ℎ 𝐼𝐹𝐼𝑅𝑂𝑆 𝐵 𝑖𝑛 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓−1(𝑐(𝛼, 𝛽))

∈ 𝐵, 𝑐𝑙 (𝑓(𝑐𝑙(𝐵))) 𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝑆𝑁 𝑜𝑓 𝑐(𝛼, 𝛽)𝑖𝑛 𝑌 . 

𝑃𝑟𝑜𝑜𝑓: 𝐿𝑒𝑡 𝑐(𝛼, 𝛽) ∈ 𝑌𝑎𝑛𝑑 𝑙𝑒𝑡 𝐵 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑅𝑂𝑆 𝑖𝑛 𝑋 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓−1(𝑐(𝛼, 𝛽))

∈ 𝐵. 𝑇ℎ𝑎𝑡 𝑖𝑠 𝑐(𝛼, 𝛽) 

∈ 𝑓(𝐵). 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠, 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑌. 𝑆𝑖𝑛𝑐𝑒 𝑌 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝑇1 2⁄  𝑠𝑝𝑎𝑐𝑒, 𝑓(𝐵)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆 

𝑂𝑆 𝑖𝑛 𝑌. 𝑁𝑜𝑤 𝑐(𝛼, 𝛽) ∈ 𝑓(𝐵) ⊆ 𝑓(𝑐𝑙(𝐵))

⊆ 𝑐𝑙 (𝑓(𝑐𝑙(𝐵))) . 𝐻𝑒𝑛𝑐𝑒 𝑐𝑙 (𝑓(𝑐𝑙(𝐵))) 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑆𝑁 

𝑜𝑓 𝑐(𝛼, 𝛽)𝑖𝑛 𝑌 . 

𝑹𝒆𝒎𝒂𝒓𝒌 𝟑. 𝟐𝟑 𝐼𝑓 𝑎𝑛 𝐼𝐹𝐼𝑆 𝐴 𝑖𝑛 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 (𝑋, 𝜏)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑋, 𝑡ℎ𝑒𝑛 𝜋𝑔𝑠𝑐𝑙(𝐴) = 𝐴. 𝐵𝑢𝑡 

𝑡ℎ𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒 𝑚𝑎𝑦 𝑛𝑜𝑡 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 , 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 𝑖𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆𝑠. 

𝑹𝒆𝒎𝒂𝒓𝒆𝒌 𝟑. 𝟐𝟒 𝐼𝑓 𝑎𝑛 𝐼𝐹𝐼𝑆 𝐴 𝑖𝑛 𝑎𝑛 𝐼𝐹𝐼𝑇𝑆 (𝑋, 𝜏)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆 𝑖𝑛 𝑋, 𝑡ℎ𝑒𝑛 𝜋𝑔𝑠𝑖𝑛𝑡(𝐴) = 𝐴. 𝐵𝑢𝑡 

𝑡ℎ𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒 𝑚𝑎𝑦 𝑛𝑜𝑡 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙, 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑢𝑛𝑖𝑜𝑛 𝑓𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 𝑖𝑛 𝐼𝐹𝐼𝜋𝐺𝑆𝑂𝑆𝑠. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟐𝟓 𝐿𝑒𝑡 𝑓: 𝑋

→ 𝑌 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔. 𝐼𝑓 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀, 𝑡ℎ𝑒𝑛 𝜋𝑔𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 

𝑓(𝑐𝑙(𝐴))𝑓𝑜𝑟𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝑆𝑂𝑆 𝐴 𝑖𝑛 𝑋. 

𝑃𝑟𝑜𝑜𝑓 ∶ 𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝐼𝐹𝐼𝑆𝑂𝑆 𝑖𝑛 𝑋. 𝑇ℎ𝑒𝑛 𝑐𝑙(𝐴)𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝑅𝐶𝑆 𝑖𝑛 𝑋. 𝐵𝑦 ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 𝑓(𝑐𝑙(𝐴))𝑖𝑠 𝑎𝑛 

𝐼𝐹𝐼𝜋𝐺𝑆𝐶𝑆 𝑖𝑛 𝑌. 𝑇ℎ𝑒𝑛 𝜋𝑔𝑠𝑐𝑙(𝑓(𝑐𝑙(𝐴)) = 𝑓(𝑐𝑙(𝐴)). 𝑁𝑜𝑤 𝜋𝑔𝑠𝑐𝑙(𝑓(𝐴))

⊆ 𝜋𝑔𝑠𝑐𝑙 (𝑓(𝑐𝑙(𝐴))) = 

𝑓(𝑐𝑙(𝐴)). 𝑇ℎ𝑎𝑡 𝑖𝑠 𝜋𝑔𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 𝑓(𝑐𝑙(𝐴)). 

𝐶𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 3.26 𝐿𝑒𝑡 𝑓: 𝑋

→ 𝑌 𝑏𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔. 𝐼𝑓 𝑓 𝑖𝑠 𝑎𝑛 𝐼𝐹𝐼𝐴𝜋𝐺𝑆𝐶𝑀, 𝑡ℎ𝑒𝑛 𝜋𝑔𝑠𝑐𝑙(𝑓(𝐴)) ⊆ 

𝑓(𝑐𝑙(𝐴))𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝐼𝐹𝐼𝐺𝑆𝑂𝑆 𝐴 𝑖𝑛 𝑋. 
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𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟐𝟓 . 
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